One of the very first results about designs over finite fields, by S. Thomas, is the existence of a cyclic 2-(n, 3, 7) design over F 2 for every integer n coprime with 6. Here, by means of difference methods, we reprove and improve a little bit this result showing that it is true, more generally, for every odd n. In this way, we also find the first infinite family of non-trivial group divisible designs over F 2 .
Introduction
A 2-(n, k, λ) design is a pair (P, B) with P a set of n points and B a multiset of k-subsets (blocks) of P with the property that any 2-subset of P is contained in precisely λ blocks.
A (mg, k, λ, g) group divisible design is a triple (P, B, G) with P a set of mg points, B a multiset of k-subsets (blocks) of P, and G a partition of P into subsets (groops)
1 of size g with the two properties that a block and a group have at most one common point, and any two points belonging to distinct groups are contained, together, in exactly λ blocks.
So it is clear that a (n, k, λ, 1) group divisible design is completely equivalent to a 2-(n, k, λ) design.
A design is said to be cyclic if it admits an automorphism cyclically permuting all its points. It is known that every cyclic 2-design and every cyclic group divisible design can be described in terms of difference families [5] .
If B is a subset of an additive (resp. multiplicative) group H, the list of differences of B is the multiset ∆B of all possible differences x − y (resp. quotients xy −1 ) with (x, y) an ordered pair of distinct elements of B. The development of B under H is the collection devB = {B * h | h ∈ H} where * is the (additive or multiplicative) operation of H.
Let G be the subgroup of order g of a cyclic group H of order mg. A collection F of k-subsets of H is a (mg, k, λ, g) difference family if the list of differences of F (that is the multiset sum ∆F := B∈F ∆B) does not contain any element of G and covers every element of H \ G exactly λ times. Such a difference family generates a cyclic (mg, k, λ, g) group divisible design with point-set H, block-multiset the development of F (that is the multiset sum devF := B∈F devB), and whose groops are the cosets of G in H. In the special case that G is the trivial subgroup of H, one simply speaks of a (m, k, λ) difference family in H. So we can say that a (n, k, λ) difference family generates a cyclic 2-(n, k, λ)-design. The converse is true when n and k are coprime; every cyclic 2-(n, k, λ) design with gcd(n, k) = 1 is generated by a suitable difference family with the same parameters. Now let F q be the finite field of order q and let F n q be the n-dimensional vector space over F q . The q-analog of a t-(n, k, λ) design -also said a t-(n, k, λ) design over F q or t-(n, k, λ) q design -is a collection S of k-dimensional subspaces of F n q and the property that any t-dimensional subspace of F n q is contained in exactly λ members of S. The most spectacular design over a finite field, obtained by Braun et al. [4] , has parameters 2-(13, 3, 1) 2 . Its discovering allowed to disprove the longstanding conjecture according to which the only Steiner t-designs over finite fields are the trivial ones (spreads).
Here we are interested only in 2-(n, k, λ) designs over F 2 . These designs can be viewed as 2-(2 n − 1, 2 k − 1, λ) designs in the classic sense with the crucial property that the points are the elements of F n 2 \{0} and that B ∪ {0} is a subspace of F n 2 for every block B. Almost all known constructions of these designs, including the mentioned (13, 3, 1) 2 design, are cyclic, namely they admit F * 2 n (the multiplicative group of F 2 n ) as an automorphism group acting sharply transitively on the points.
Hence, for what we said above, they are generated by a suitable difference family at least when gcd(n, k) = 1.
The q-analog of a group divisible design is a concept very recently introduced in [3] . In particular, a (mg, k, λ, g) 2 group divisible design can be seen as a (2
group divisible design with point-set F n 2 \ {0} and the properties that B ∪ {0} and G ∪ {0} are subspaces of F n 2 for every block B and every groop G.
Let F be a (2
We adopt this terminology because of the following result which is clearly a special case of the general comments made above.
In the next section the above proposition will be used to reprove and improve an old result by S. Thomas [7] about cyclic 2-(n, 3, 7) designs over F 2 . It will also allow us to get a (6n + 3, 3, 7, 3) 2 group divisible design for any integer n.
2 Revisiting and improving Thomas' result on 2-(n, 3, 7) designs over F 2
Here we obtain a (n, 3, 7) 2 difference family for any positive odd integer n. Thus, in view of Proposition 1.1, we prove the following result.
Theorem 2.1. There exists a cyclic 2-(n, 3, 7) design over F 2 for every odd positive integer n.
The above result was already obtained by Thomas [7] in the hypothesis that gcd(n, 6) = 1. We first need to recall how the solvability of a quadratic equation over F 2 n can be established using the absolute trace of F 2 n . This is the function T r : x ∈ F 2 n −→ n−1 i=0 x 2 i ∈ F 2 . Some elementary properties of this function which could be useful later are the following:
T r(x) + T r(y) = T r(x + y) for all x, y ∈ F 2 n ;
T r(x 2 ) = T r(x) for all x ∈ F 2 n ;
T r(1) = 0 or 1 according to whether n is even or odd, respectively.
Here is the well known result concerning quadratic equations in a finite filed of characteristic two (see, e.g., [6] ). We are now ready to prove our main result. Theorem 2.4. There exists a (n, 3, 7) 2 difference family for every positive odd integer n.
Proof. We first associate with every x ∈ F * 2 n \ {1} the subspace S x of F n 2 generated by 1, x and x 2 . Note that these three elements are independent since, in the opposite case, we would have x 2 + x + 1 = 0 which implies x 3 = 1. This would mean that x has order 3 in F * 2 n so that 2 n − 1 would be divisible by 3 contradicting the hypothesis that n is odd. Thus S x has dimension three. Now set B x := S x \ {0}, hence
Note that B x = B x+1 for every x. It is convenient, anyway, to consider B x and B x+1 as distinct blocks. Now consider the collection
and, for any t ∈ F * 2 n \ {1}, let m(t) be the multiplicity of t in ∆F . Let δ ij (x) be the (i, j) entry in the following table
representing the list ∆B x of quotients of B x . More precisely, δ ij (x) is the quotient between the i-th and the j-th element of B x in the ordering of (2.1). For every t ∈ F * 2 n \ {1}, let m ij (t) be the number of distinct solutions in F 2 n of the equation E ij (t) : δ ij (x) = t in the unknown x. It is clear that we have
Note that E ij (t) can be rewritten as a quadratic equation ax 2 + bx + c = 0 with b = 0 for any pair (i, j) belonging to the 18-set I = {(1, 6), (1, 7), (2, 5), (2, 7), (3, 4) , (3, 7) , (4, 3), (4, 7), (5, 2), (5, 7), (6, 1), (6, 7), (7, 1), (7, 2), (7, 3), (7, 4), (7, 5) , (7, 6 )}.
Thus m ij (t) = 0 or 2 for every (i, j) ∈ I. Instead, it is easily seen that for all twenty-four pairs (i, j) / ∈ I we have m ij (t) = 1 since in this case E ij (t) becomes either an equation of the first degree or an equation of the form ax 2 + c = 0. It follows that m(t) = 24 + 2 · r(t) where r(t) is the number of equations E ij (t) with (i, j) ∈ I which are solvable in F 2 n . We want to prove that r(t) = 9 for every t. For this, we have to show that it is possible to match the eighteen equations E ij (t) with (i, j) ∈ I in such a way that, in each match, only one equation is solvable in F 2 n . Using Lemma 2.3 and taking into account the mentioned properties of the trace function, the reader can easily check that such a good matching is the following.
the same list of quotients. Then, considering that F is a (n, 3, 42) 2 difference family, it is evident that if X is a complete system of representatives for the hexagons of Γ, then F ′ := {B x | x ∈ X} is a (n, 3, 7) 2 difference family. The assertion then follows from Proposition 1.1.
The design constructed in the above theorem does not depend on the system X of representatives for the hexagons of Γ. Recall in fact that B x = B x+1 and that B x = x 2 · B 1/x so that the blocks associated with the vertices of H x have all the same development.
When n ≡ ±1 (mod 6), that is the case also considered by Thomas, our design coincide with his design. Indeed our blocks are exactly what he calls special triangles. The two descriptions are different since while Tomas' approach is essentially geometric, our approach is purely algebraic.
When n ≡ 3 (mod 6), that is the case not considered by Thomas, our design is not simple. In this case F 2 n has a subfield K of order 8 and it is evident that if x ∈ K * \ {1}, then B x coincides with K * (which is also the vertex-set of H x ) so that devB x is seven times all cosets of K * in F * . So there is one element y ∈ X such that B y = K * . It is clear that ∆B y is seven times K * \{1} and then the list of quotients of F ′′ := {B x | x ∈ X \{y}} is seven times F * 2 n \ K * , i.e., F ′′ is a (n, 3, 7, 3) 2 difference family. Thus, by Proposition 1.1 again, we can state the following. Theorem 2.5. There exists a cyclic (6m + 3, 3, 7, 3) 2 group divisible design for any integer m.
